Supersymmetric Gauge Theories, Vortices and 
Equi variant Cohomology 



W. Machin and G. Papadopoulos 



Department of Mathematics 
King's College London 

SijT'Qj Tl d 

London WC2R 2LS 



Abstract 

We construct actions for (p, 0)- and (p, 1)- supersymmetric, 1 < p < 4, 
two-dimensional gauge theories coupled to non-linear sigma model matter 
with a Wess-Zumino term. We derive the scalar potential for a large 
class of these models. We then show that the Euclidean actions of the 
(2, 0) and (4, 0)-supersymmetric models without Wess-Zumino terms are 
bounded by topological charges which involve the equivariant extensions 
of the Kahler forms of the sigma model target spaces evaluated on the 
two-dimensional spacetime. We give similar bounds for Euclidean actions 
of appropriate gauge theories coupled to non-linear sigma model matter in 
higher spacetime dimensions which now involve the equivariant extensions 
of the Kahler forms of the sigma model target spaces and the second Chern 
character of gauge fields. The BPS configurations are generalisations of 
abelian and non-abelian vortices. 



1 Introduction 



Two-dimensional field theories have found many applications in string theory. 
For example, two-dimensional sigma models and some two-dimensional gauge 
theories have been used to model the dynamics of fundamental and D-strings, 
respectively. The small fluctuations of strings which arise as intersections in 
various brane configurations are described by two-dimensional gauge theories 
coupled to scalars. Because of this, many of the properties and the various 
objects that arise in gauge theories coupled to scalars have a brane interpreta- 
tion iQ, H, ^ Q . Supersymmetric gauge theories coupled to linear sigma models 
have been constructed in |^ and they have been used to illuminate the re- 
lation between Landau-Ginzburg models and Calabi-Yau spaces. Recently a 
two-dimensional gauged theory coupled to a linear sigma model was used to 
investigate aspects of the dynamics of vortices using branes ^ . 

In two dimensions, the Wess-Zumino term has the same mass dimension as 
the kinetic term of sigma model scalars. Therefore two-dimensional supersym- 
metric gauged theories can couple to non-linear sigma model matter which also 
has a non-vanishing Wess-Zumino coupling. Such a theory is renormalizable. 
The gauging of supersymmetric two-dimensional non-linear sigma models with 
a Wess-Zumino term has been considered in [Q, ^. However in these papers the 
part of the action which involves the gauge field kinetic terms has not been given. 
It has been found in that the Wess-Zumino term of a non-linear sigma model 
cannot always be gauged. The conditions for gauging a Wess-Zumino term have 
been identified as the obstructions to the extension of the closed form associ- 
ated with the Wess-Zumino term to an element of the equivariant cohomology 

of the sigma model target space Scalar potentials for supersymmetric 
two-dimensional sigma models with Wess-Zumino term have been investigated 
in 

In this paper we shall construct the actions of (p,0)- and (p,l)-supersymmetric, 
1 < p < 4, two-dimensional gauge theories coupled to non-linear sigma model 
matter and with non-vanishing Wess-Zumino term. In addition we shall also 
consider the scalar potentials that arise in these theories. This will generalise 
various partial results that have already appeared in the literature. To simplify 
the description of the results from here on, we shall use the term 'sigma models' 
instead of the term 'non-linear sigma models' unless otherwise explicitly stated. 
The method we shall use to construct the various actions of supersymmetric 
two-dimensional gauged theories coupled to sigma models is based on the su- 
perfields found in the context of supersymmetric sigma models Jis] , [l^ and later 
used in the context supersymmetric gauged sigma models [||. One advantage 
of this method is that it keeps manifest the various geometric properties of the 
couplings that appear in these theories. This will be used in the second part 
of the paper to construct of various bounds for vortices. Since the parts of the 
actions that we shall describe involving the kinetic term of the sigma model 
scalars, the Wess-Zumino term and their couplings to gauge fields are known, 
we shall focus on the kinetic term of the gauge fields and the scalar potentials 
of these theories. We shall allow the gauge couplings to depend on the sigma 
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model scalars and we shall derive the various conditions on these couplings re- 
quired by gauge invariance and supersymmetry. We shall find that the scalar 
potential of gauge theories coupled to sigma models in two dimensions, even 
in the presence of Wess-Zumino term, is the sum of a 'F' term or a 'D' term 
or both. The presence of a D-term, or Fayet-Iliopoulos term, may come as a 
surprise. This is because in the presence of a Wess-Zumino term the geometry 
of the target space, say, of (2,0)-supersymmetric models where such a term is 
expected, is not Kahler and but Kahler with torsion (KT). Thus the Kahler 
form is not closed and there are no obvious moment maps. However, it has 
been shown in ||l7|| that KT geometries under certain conditions admit moment 
maps and are those that appear in the Fayet-Iliopoulos term of these models. 
Similar results hold for the (4,0)-supersymmetric models. We shall observe that 
the gauged (p,l), p = 1,2,4, multiplets are associated with scalar superfields. 
For the gauge theories with (2,1) and (4,1) supersymmetry, these scalar multi- 
plets satisfy the same supersymmetry constraints as the associated sigma model 
multiplets. Therefore these gauge theories can be thought of as sigma models 
with target spaces CG (g) W, p = 1,2,4. This will allow us to combine the 
(p,l) gauge multiplet and the standard sigma model (p, 1) multiplet to a new 
sigma model multiplet. As a result, sigma model type of actions can be written 
for these gauge theories coupled to matter for which the associated couplings 
depend on the scalar fields of both the sigma model and gauge multiplets. This 
generalizes the results of 

In the second part of this paper, we shall show that the Euclidean actions 
of (2,0)- and (4,0)-supersymmetric two-dimensional gauge theories coupled to 
sigma models with a Fayet-Iliopoulos term but with vanishing Wess-Zumino 
term admit bounds. In particular we shall find that the Euclidean action Se 
of the (2,0)-supersymmetric theory is bounded by the absolute value of a topo- 
logical charge Q which is the integral over the two-dimensional spacetime of 
the equivariant extension of the Kahler form of its sigma model target space, 
Se > \Q\- The sigma model manifold in the (4,0)-supersymmetric theory is 
hyper-Kahlcr and so there are three Kahler forms each having an equivariant ex- 
tension. The Euclidean action Se of the (4,0)-supersymmetric theory is bounded 
by the length of the three topological charges Qi, Q2, Q3 each associated with 
the integral over the two-dimensional spacetime of the equivariant extensions 
of the three Kahler forms, Se > \/ Qf + Q2 + Qi- This is another application 
of the equivariant cohomology in the context of two-dimensional gauged sigma 
models which is distinct from that found in [hol and we have mentioned above. 
(For many other applications see for example ||18|.) The configurations that sat- 
urate these bounds are vortices and include the Nielsen-Olesen type of vortices 
[ p^ associated with gauge theories coupled to linear sigma models. In particular 
the bounds above generalise that found by Bogomol'nyi in |Q for the abelian 
vortices of a gauge theory coupled to a single linear complex scalar field. 

We also find that similar bounds exist in higher dimensions for action type 
of functionals that involve maps between Kahler manifolds of any dimension 
coupled to gauge fields or maps from a Kahler manifold into a hyper-Kahler 
manifold again coupled to gauge fields. The structure of these functionals is 
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such that it includes the Euchdean actions of some supersymmetric gauge theo- 
ries in higher dimensions coupled to sigma models with Fayet-Iliopoulos terms. 
In particular the first case, which involves maps between two-Kahler spaces, in- 
cludes the Euclidean action of a four-dimensional = 1 supersymmetric gauge 
theory coupled to a sigma model. The latter case, which involved maps from a 
Kahler manifold into a hyper-Kahler one, can be associated with the Euclidean 
action of a four-dimensional N = 2 supersymmetric gauge theory coupled to a 
sigma model. Note that in iV = 1 theories in four dimensions the sigma model 
target space is Kahler while in the N ^ 2 theories in four dimensions the sigma 
model target space is hyper-Kahler. In all these cases the action functionals 
are bounded by topological charges which involve the equivariant extensions of 
the Kahler forms of the sigma model target space as well as the second Chern 
character of the gauge fields. Our results are different from those of [^l], ^ for 
non-abelian vortices which involve non-abelian gauge theories coupled to linear 
sigma model matter. Note that in the bound constructed in the topo- 
logical term involves the first class and second Chern character of the gauge 
fields instead of the equivariant extension of the Kahler form and the second 
Chern character of the gauge field that we find. It turns out that in the case of 
gauge theories coupled to linear sigma models of |^ the two different topological 
charges can be related, see also |Q. However this involves a partial integration 
procedure in which various surface terms are taken to vanish. We remark that 
in the construction of the bounds that involve the equivariant extensions of the 
Kahler forms, and also in the topological terms are identified with what 
remains after writing the Euclidean actions of the theories as a sum of squares 
without the use of partial integrations. It is clear that our results can also be 
used to construct bounds for solitons in appropriate gauge theories coupled to 
sigma model matter in odd-spacetime dimensions. This is the usual situation 
where instantons in a n-dimensional theory can be thought of as static solitons 
of a (n-l-l)-dimensional theory. In particular, there is a bound for the energy of 
static configurations of a three-dimensional N — 2 supersymmetric gauge the- 
ory coupled to sigma model matter. This new bound is an extension to gauged 
theories of the of bounds found in and generalizes that of |^ . 

This paper is organised as follows: In section two, we shall describe non- 
supersymmetric gauge theories coupled to sigma model matter to set up our 
notation and give some universal conditions which appear in all such models. 
In section three, we shall describe the (l,0)-supersymmetric gauge theories cou- 
pled to sigma model matter with a Wess-Zumino term. We shall also give the 
scalar potential of the system. In sections four and five, we shall describe the 
(2,0)- and (4,0)-supersymmetric gauge theories coupled to sigma model matter 
and give the scalar potentials of the systems. We shall find that these sys- 
tems have Fayet-Iliopoulos terms constructed from the moment maps of KT 
and HKT geometries, respectively. In section six, we shall describe the (1,1)- 
supcrsymmetric gauge theory coupled to sigma model matter. We shall find 
that both the gauge multiplet and the sigma model multiplet are scalar super- 
fields allowing for non-polynomial interactions between them. In sections seven 
and eight, we shall describe the (2,1)- and (4,l)-supersymmetric gauge theories 
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coupled to sigma model matter and give the scalar potentials of the systems. 
In both these theories the gauge multiplets and the sigma model multiplets are 
scalar superfields and therefore admit non-polynomial interactions. In section 
nine, we describe a boimd for the Euclidean action of a (2,0)-supcrsymmetric 
gauge theory without Wess-Zumino term. We show that the equi variant ex- 
tension of the Kahler class enters in the bound. The BPS configurations are 
vortices and the scalar fields take values in a curved manifold M . In section ten, 
we describe a bound for the Euclidean action of a (4,0)-supersymmetric gauge 
theory without Wess-Zumino term. We show that the topological term in the 
bound is a linear combination cquivariant extensions of the Kahler classes of 
the hyper-Kahler manifold which is the sigma model target space. In sections 
eleven and twelve, we present a generalisation of the bounds we have described 
for (2,0)- and (4,0)-supcrsymmctric models to a class of gauge theories coupled 
to scalars which are maps between Kahler manifolds or from a Kahler manifold 
to a hyper-Kahler, respectively. The topological term this time involves, apart 
from the cquivariant extensions of Kahler forms, the second Chern character of 
the gauge connection. Finally in section thirteen, we give our conclusions. 

2 Two-dimensional gauged sigma models with 
Wess-Zumino term 

2.1 Geometric Data and Action 

To describe two-dimensional supersymmetric gauge theories coupled to sigma 
model matter with a Wess-Zumino term, it is instructive to begin with a 
non-supersymmetric system as a toy example. Let S be the two-dimensional 
Minkowski spacetime with light-cone coordinates {x'^^x^). The fields of the 
model that we shall consider here are the following: a gauge potential A with 
gauge group G, sigma model matter fields (j) which are locally maps from S into 
a sigma model manifold or target space M and real fermions ip- and A+ on S 
of opposite chirality. 

The couplings of two-dimensional gauged sigma model are described by a 
Riemannian metric g on M and the Wess-Zumino term which is a locally-defined 
two-form b on M; H = db is a. globally defined closed three-form on M. In 
addition, the gauge group G acts on M leaving invariant both the metric and 
the Wess-Zumino term, ie 



where Ca is the Lie-derivative with respect to the vector fields {^a '■ ci = 
1, . . . ,dim£G} generated by the action of the gauge group G on M; CG is 
the Lie algebra of G. Therefore, we have 



(2.1) 



J ab S.C 



(2.2) 
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where / are the structure constants of G; a,b,c = l,...,dim£G are gauge 



indices. The first condition in (2.1) implies that are Killing vectors, ie 



V.^aj + = (2.3) 

where V is the Levi-Civita connection of g and i, j — I, . . . , dim M. The second 
condition in ( |2.lD together with dH = imply that iaH is closed and so 

^,'H,,k = 2d[,Wk]a (2.4) 

for some locally defined one-form Wa- 
it is useful to give a geometric interpretation for the gauge potential A of 
the sigma model field (f>. Let P be a principal bundle over the spacetime S 
with fibre the gauge group G. The gauge potential A is locally the pull-back 
of a connection one-form A of P onto a open set of the spacetime S. The 
sigma model maps cj) are sections of the bundle P Xq M. Locally they can be 
represented as maps from the spacetime S into M . 

To describe the couplings of the fermions, we consider two vector bundles 
E and F over M equipped with connections B and C and with fibre metrics 
h and k, respectively. The fermions ip- and A4. can be thought of as sections 
of S*- P and S+ F, respectively, where S- and S+ are spin bundles over S 
associated to the two inequivalent real representation of Spin{l, 1). Note that 
in two dimensions there are Majorana-Weyl fermions and so two inequivalent 
one-dimensional real spinor representations of Spin(\, 1). In addition we shall 
assume that the connections B and C as well as the fibre metrics h and k are 
invariant under the action of the gauge group on M. These conditions imply 
that 

>CaP.^B = -V,C//b (2.5) 

CahAB = -Ua^AhcB " Uj^ bIiaC , (2.6) 



where 



V,C//b = a,C//B + B.^cUa^B - Ua^cB^^B , (2.7) 



and Ua are infinitesimal gauge transformations, A,B,C — 1, . . . , rank£', and 
similarly for the connection C and fibre metric fc. The above conditions on the 
connection B have appeared in |2^ . An action for the fields A, 0, and A_|_ is 

Jd'x {uabF^^Fl^ + .gyV^0^V=0^' - V{(j})) 

+ jd^xdt {H,,kdt<p'y^c^V^<j)^ - w,adtcj)'F^^) (2.8) 

+ jd^x{ihAB^^y^i'^-ikA'B'\+^=\+) 

where Uab = Uab{4>) are the gauge couplings which in general depend on (j), V is 
a scalar potential and 

F+= = [V^,V.], (2.9) 
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where we have suppressed gauged indices. The covariant derivatives in the 
action above are defined as foUows, 

V^^^ = d^4>' + Alii (2.10) 

and 

V^V- = S^V'- + V^^^B/bV-^ + AIU,^b4''' , (2.11) 
^ = =|=, =, and similarly for VA^ . The latter can be rewritten as 

V^V^ = + d,^^B,^B^^ + Al^jL^^si^B . (2.12) 

where 

^ia^B = Ua^B+UB^^B ■ (2.13) 

Observe that the part of the action involving the Wess-Zumino term has 
been written as an integral over a three-dimensional space. The conditions for 
this term to be written in a two-dimensional form as well as the conditions for 
the gauge invariance of the action will be investigated in the next section, see 
also 0. 



2.2 Conditions for gauge invariance 

The gauge transformations of the fields are 



5.AI 

















(2.14) 



where e is the parameter of infinitesimal gauge transformations. Some of the 



conditions required for the invariance of the action (2.S) have been incorporated 
as part of the geometric data of the sigma model in the previous section. In 
particular, in addition to the conditions ( |2.lD and (^^), we require that (i) Wa 
is a globally defined one-form on M which (ii) satisfies 

CaWb = -fab^Wc ■ (2.15) 

To write the Wess-Zumino part of the action in a two-dimensional form, it 
is necessary for the relevant three form to be closed. This in addition requires 
that 

CaW^b + aw^a ^ . (2.16) 
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Then the three-dimensional part of the action ( ^.^ ) can be written locally as 
S" = Jd^x{b,jd^(j)'d^(l)^ - Alw^ay=(t)' ^^^^^ 

The conditions above that require (i) H to be invariant under the group action, 
(ii) Wa to be globally defined on M, (iii) ( |2.15 ) and (iv) ( 2.1(\ ) are those for the 
closed form H to have an extension, i.e. equivariant extension ||^, as a closed 
form in M Xg EG (lO). 

Next let us consider the conditions for gauge invariance of part of the ac- 
tion (2.8) involving the fermions. We find that this requires that 

CcUab + Udbfia + Uadfib = (2.18) 

for the gauge couplings Uab, 

CaUb - CbUa = [C/a, Ub] " W^U, (2.19) 

and 

CaV = . (2.20) 

We have not assumed that Vih — 0. However given a connection on a vector 
bundle with a fibre metric h, there always exist another connection V' such 
that V^/i = 0. Suppose that the V' is used for the fermionic couplings. If this 
is the case, the gauge group is 0{N) and therefore the right-hand-side of (2.6) 
vanishes. 

Observe that the equation (|2.5|) can be written in a more covariant form as 



^G./s = V.Ma-'s • (2.21) 

In what follows we shall assume that the conditions stated in this section 
by requiring gauge invariance of the non-supersymmetric model described by 
the action (2.8) hold. We shall see that for supersymmetric sigma models more 
conditions are necessary. 



3 (1,0) supersymmetric gauged models 

The (l,0)-supersymmetric gauged sigma model involves the coupling of three 
different (l,0)-multiplets. To simplify the construction of this model we shall 
describe each multiplet and the conditions for supersymmetry and gauge invari- 
ance separately. There are different ways of approaching this problem. Here 
we shall use 'standard' (l,0)-superfields. The action will be constructed using 
(l,0)-superspace methods. 
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3.1 The gauge multiplet 

The (l,0)-superspace S^'" has coordinates (a:+, x", 6*+), where {x^,x^) are 
bosonic Hght-cone coordinates and 0+ is a Grassmann odd-coordinate. The 
(l,0)-supersymmetric Yang-Mills multiplet with gauge group G is described by 
a connection A in superspace which has components {A^, A=, ^+). In addition, 
it is required that these satisfy the supersymmetry constraints |^ 

[V+,V=]-VK_, (3.1) 

where i^=)==, W- are the components of the curvature of the superspace con- 
nection A. (The gauge indices have been suppressed.) Jacobi identities imply 
that 

V+VK_ iF^^ (3.2) 

Therefore the independent components of the gauge multiplet are 

= F!^^ = -iV+Wl\ (3.3) 

where is the gaugino and i^" is the two-form gauge field strength and the 
vertical line denotes evaluation of the associated superfield at 6*+ = 0. This 
notation for identifying the components of a superfield will also be used later 
for other theories. 



3.2 Sigma model multiplets 

To described the sigma model multiplet that couples to the above gauge field, 
we introduce a Riemannian manifold M with metric g and a locally defined two 
form b. In addition we assume that M admits a vector bundle E with fibre 
metric h, connection B and a section s. The data required for the description 



of the sigma model multiplet are the same as those given in section 2.1. In 
addition we take the section s to satisfy 

CaSA = -C/,^^SB . (3.4) 

The (1, 0)-supersymmetric sigma model multiplet is described by a real scalar 
superfield </> and a fermionic superfield ■0_ . The superfield is a map from the 
superspace 'E}^'^ into a sigma model manifold M and the fermionic superfield 
tj}- is a section of the bundle 4)*E ® S-] S- is a spin bundle over 

The components of the superfields 0, ip- are 

V^^^V^^I l^ = V+i,^\, (3.5) 

where the covariant derivatives are defined as 

V+yj^ = D+^lj^ + \/+4>'B,^B^^ + AlU,\yj^ , (3.6) 
where is the usual flat superspace derivative, = id^. 
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3.3 Supersymmetric action 

It is straightforward to couple the gauge multiplet to (1, 0)-supersymnietric 
sigma model matter. The full action is 



where 



S — Sg + So- + S f + Sj 



Sg = - jd?xAe+ {uabWlV+Wt - iZaWt) 



(3.7) 



(3.8) 



where Uab = Uab{4>)i "^at is not necessarily symmetric in the gauge indices and 
Za is a theta type of term which may depend on the scalar field (j), Za = Za{4>)- 
The gauge covariant supersymmetric action for the fields is |§] 



(3.9) 



which as in section 2.1 



can also be written as an integral over ^^'"^ superspace 



provided that H admits an equivariant extension. In particular we have 
S„ = ~i jd^xde+ {g,j\I +(l)'\7 =<fP + b,jD+<f)'d=<jy' 



(3.10) 



The action of the gauged fermionic multiplet is |26 



(3.11) 



The definition of the covariant derivative V4. is similar to the one given in 
section ( p.l[ ) for the covariant derivative V^. 
The action for the potential term is 



Sp = J d^a;d6'^ msA^'i 



which is similar to that of the ungauged model in ||Tl| . 
The superfields transform under the gauge group G as 



5A^ = -V^e-^ 



(3.12) 



(3.13) 



where ^ = + is. a S^^'^ superspace index and is an infinitesimal gauge 

transformation parameter. Gauge invariance of the action (3.7) requires, in 
addition to the conditions given in section (2^), the condition (3^) and 



^aZh J ah 



(3.14) 
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3.4 The action of (l,0)-model in components and scalar 
potential 

The action of (l,0)-supersymmetric two-dimensional gauged sigma model de- 
scribed by the action (^^) can be easily written in components by performing 
the 6^ integration and using the definition of the various component fields of 
the (l,0)-multiplets which we have described in the previous sections. In par- 
ticular we find for the part of the action involving the kinetic term of the gauge 
multiplet that 



(3.15) 



Next we find that 

= Jd^x {g,jV ^(ly> + hjd^(j)'d=(ly> + iA!^vL+^A^+ 

where V^^^ are the usual metric connections with torsion ±H and V*^^^ are the 
associated connections involving also the gauge connection A. For the fermionic 
multiplet we have 

and 

Sj, = (d^x (V.s^A; + SAi^) . (3.18) 



The scalar potential in these models is precisely that of the ungauged (1,0) 
sigma models in ||ll|, ie. 

V = -m^h'^^SASB ■ (3.19) 
4 

So we find that only 'i^-terms' contribute to the potential. This is because the 
gauge multiplet does not have an auxiliary field. Therefore the classical vacua of 
the theory are the points of the sigma model manifold M for which the section 
s vanishes modulo gauge transformations. Therefore the vacua of the theory 
are those orbits of the gauge group G in M for which the section s vanishes. 



4 (2,0) supersymmetry 



11 



4.1 The gauge multiplet 

The (2,0) superspace 5^'° has coordinates {x^ ,6^ ,6^) where {x^,x^) are 
the usual light-cone coordinates and {9^ : p — 0,1} are anticommuting co- 
ordinates. The (2,0)-supersyminetric Yang-Mills multiplet is described by a 
connection A in S^'" superspace with components [A^, Ap^^-), p ~ 0,1. In 
addition it is required that these satisfy the supersymmetry constraints ||^ 

[\7p+, V,+] = 2^<5p,V^ [V+, V=] = [Vp+, V=] = Wp^ , (4.1) 

where p, g = 0, 1. Jacobi identities imply that 

Vp+Wg. + Vq+Wp- = 2iSpqF^^ (4.2) 

The components of the gauge multiplet are 

Xo-=Wo-\ xi-=Wi-\ 
tF^= = Vo+W^o-I / = Vo+W^i-I . (4.3) 

The components, (xo-jXi-)i ^-re the gaugini which are real chiral fermions in 
two dimensions, is the field strength and / is an auxiliary field. (We have 
suppressed the gauge indices.) 

4.2 The sigma model multiplet 

It is well known the target manifold M of (2,0)-supersymmetric ungauged sigma 
model is Kahler manifold with torsion (KT). Therefore M is a hermitian man- 
ifold with metric g and equipped with a complex structure J which is parallel 
with respect to the V'-^-' connection. This connection is a metric connection 
with torsion H, ie V(+^ = V -f where V is the Levi-Civita connection. (For 
the definition of these geometries see ^). To gauge the model, we assume 
as in section 2.1 that the gauge group G acts on Af and leaving invariant the 
metric g and the Wess-Zumino term H. In addition we require that the action 
of the group G is holomorphic. This means that 

CaJ^O, (4.4) 

where the Lie derivative is along vector fields generated by the group action 

of G. The sigma model fields are maps (j) : S^'" M into a complex manifold 
M which in addition satisfy 

= , (4.5) 

where Vp+i/) — Dp+ip^ + Ap.^.^* , p = 0, 1. Note that the requirement for M to 
be a complex manifold can be derived from the above condition. 
The components of the sigma model multiplet are as follows: 

0^ = 01 A;=Vo+0r (4.6) 
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4.3 The fermionic multiple! 



Let -E be a vector bundle over M equipped with a connection B and a fibre 
(almost) complex structure /. The fermionic multiplet ■)/)_ is a section of cf)*E0 
S- over the 2^'°, where 5_ is a spin bundle over In addition we require 

that the fermionic multiplet ■0- satisfies 

Vi+^^ = /-^sVo+V- + IrnL^ , (4.7) 



where L is a section of E and 
for p = 0,1. 



Vp+^^ = Dp+i:'' + Vp+(A^B/b^^ + C/a^B , (4.8) 



Compatibility of the condition (4.7) with gauge transformations requires 
that 

^al^B = Ua^cl'" B — I^cUa^ B 

These are the conditions for the gauge transformations and the (2,0)-supersymmetry 
transformations to commute. 

The compatibility of the condition (4.7) with the algebra of covariant deriva- 
tives V implies the following conditions: 

A ji ^ 

'^kl B"^ k-J j — '^ij B 

J^VkL^-I^B^.L'' (4.10) 
J^Vfe/"^B - /-^cV./^is = . 

These are precisely the conditions required for the off-shell closure of (2,0) su- 
persymmetry algebra. 

It is always possible to find a connection B on the bundle E such that 
V/ = 0. In such case the last condition in (4.10) is satisfied. Decomposing E(S)C 
a.sE(E)C = £(B£ using /, the first condition implies that £ is a holomorphic 
vector bundle. Then the second condition in (4.10) implies that the section L 
is the real part of a holomorphic section of £. 

The components of the fermionic multiplet are as follows: 

V'^ = 0^| ^^-Vo+^^l, (4.11) 

where 4'- is a two-dimensional real chiral fermion and £ is an auxiliary field. 



4.4 Action 

The action of the (2,0)-supersymmetric gauged sigma model can be written as 

S^Sg + S„ + Sf , (4.12) 

where Sg is the action of the gauge multiplet, is the action of the sigma-model 
multiplet and Sf is the action of the fermionic multiplet. We shall describe each 
term separately. 
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4.5 The gauge multiplet action 

The most general action for the (2,0)-supersymnietric gauge multiplet up to 
terms quadratic in the field strength is 

(4.13) 

where and are the gauge coupling constants which in general depend 
on the superfield ip and similarly for the 'thcta' terms z^. Both m° and 
are not necessarily symmetric in the gauge indices. The above action can be 
written in different ways. However there are always field and coupling constant 
redefinitions which can bring the action to the above form. 

Observe that this action is not an integral over the full S^'" superspace. 
Therefore it is not manifestly (2,0)-supersymmetric. The requirement of invari- 
ance under (2,0) supersymmetry imposes the conditions 

idjvP — —diU^ 

This is most easily seen by verifying that the Lagrangian dens ity is independent 
of 9^ up to 0^ , , x^-surface terms. The conditions ( |4.14 ) are the Cauchy- 



Riemann equations which imply that vP + iu^ and z^ + iz^ are holomorphic. 



Indeed provided that the holomorphicity conditions (4.14) hold, the ac- 
tion ( 1.13| ), apart from the theta terms, can be written as an integral over 



the S^'° superspace as 

S, = [d'xd9+de+ {aul,W,^_Wl + (a - l)ulW,^_Wl^. 



(4.15) 

for any constant a. After integrating over the odd coordinate 9^ we recover the 
action (4.13). Observe that the action ( 4.15| ) simplifies if one takes u^,u^ to be 



symmetric matrices. In particular one finds that 

Sg^ Jd'^xd9+d9+uli,W^_W^_ . (4.16) 



Invariance of the action (4.13) under gauge transformations requires that 
the couplings u'^, and z^ satisfy 

^aUij^ — —f abU^^ — f ac^ae 

Caul^-rabul-ra^ul (4.17) 

The gauge transformations of the gauge multiplet and the sigma model multiplet 
that are required to derive the above result are as in the (l,0)-supersymmetric 
models studied in the previous sections. 
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4.6 The sigma model action 

The part of the action which describes the coupling of the sigma model (2,0)- 
multiplet to the gauge multiplet has already been given in This action 
is 



(4.18) 



- z jd?xdtde+ (i/yfe9t0*Vo+</)^ V=/ - w^adtc^'WSS) 
where Va is a function on , possibly locally defined, given by 

l'Maj+Waj) = -d,Va (4.19) 

Under certain conditions the maps v can be thought of as the moment maps of 
KT geometry @. 

Gauge invariance of the above part of action requires in addition to the 



conditions on w, which we have already mentioned in section 2.2, that Va is 
globally defined on M and that 

CaVb = -fab'v, . (4.20) 

4.7 The action of the fermionic multiplet 

This part of the action is 

Sf = Jd^xd0+ +msA^^) (4.21) 

Gauge invariance of this part of the action requires the same conditions as 



those appearing for the couplings of (l,0)-multiplet in (2.19). 

The conditions required by (2,0)-supersymmetry on the couplings of the 
above action are the same as those of the ungauged model and have been given 
in p9| . These can be easily derived by requiring that the Lagrangian density is 
independent from 6^ up to x^ , x^ , 9^ surface terms. In particular, we find that 

hcBl^A + hcAl^B = 

JU^jhAB + V^hAcI^B = 

V. „ (4-22) 

2 



J'^VJSA - V,(sb/^a) - -V.HabL^ = 



saL — const . 

The first condition implies that the fibre metric is hermitian is respect to the 
fibre complex structure. It is always possible to choose such a fibre metric 
given a fibre complex structure on a bundle vector bundle E. In the context of 
sigma models this has been explained in ||l^ . The rest of the conditions can be 
considerably simplified if the connection B is chosen such that V/ = V/i = 0. 
Such connection always exists on a hermitian vector bundle E. In such case, the 



third equation in (4.22) implies that s is the real part of a holomorphic section 
of £*. 
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4.8 The action in components 

It is straightforward to write the action S of the (2,0)-supersymmetric gauge 
sigma model in components. In particular we find that the component action 
of the gauge multiplct ( 4.13| ) is 

Sg = Jd'x (^°,f;^4^ + zOf;^ - ui,rf + ^zlr 

- 2lul^,^F^^f + 2iul^X[o-^^x\]- (4.23) 

+ A;9,«i,(-Xo-/'' + »X?-4=)) • 
The component action of the sigma model part is 

and the component action of the fermionic multiplct is 



^hABi^^i^^X'^X+G.^jAB + mWiSAX\iJ^ + msAt 



(4.25) 
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Eliminating the auxiliary fields of the gauge and fermionic multiplets, we find 
that 

S = Jd^x {gijW^<pW=<j>^ + bijd^<p'd^cf,i + ulkF^^F^^ 

- ^m^h^'^SASB - \uf{ua - zi){i^b - zl) 

- ^hAB'^P-i^-X\XiG^JAB + mViS^AVV- 

- ufii^a z>l,^F^^ - u^oSac]^Un=F+= (4.26) 

- idiul,X\xo^F^= + *a,«4AVx?-4= 

- idiVaX\xl- + igioX'+Xo-U + iw^aX\xQ- 

+ \iul\v^ - zlmul^xl- + diulul_) 

+ \<\di<aX'i- + diul,xl-mvPa,xi- + diu\,xt-) 

- iuful^^F^^idivP^ui- + di^dUt) 
+ 2mU]Xfo-V+X?,-) 

where ug'' is the matrix inverse of uO^j,), 

<y^(bo)=^\- (4-27) 
Note that we have assumed that is invertible. 

4.9 Scalar potential and classical vacua 

The scalar potential of the (2,0)-supersymmetric gauge theories coupled to sigma 
model matter is 

V = \<\ya - zl){vb - zl) + -^mh^^'sASB ■ (4.28) 

The scalar potential in these models is written as a sum of a 'D' and an 'F' 
term. The classical supersymmetric vacua of the theory are those for which 

ya-zl = Q SA = . (4.29) 

The inequivalent classical vacua are the space of orbits of the gauge group on 
the zero set of the section s and u — z^. If the section s and z^ vanish, then 
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the space of inequivalent vacua is the KT reduction Mj jG of the sigma model 
target space M. It has been shown in that the space of vacua inherits the 
KT structure of the sigma model manifold M and under certain assumptions is 
a smooth manifold. However the three- form of the Wess-Zumino term on Mj jG 
is not necessarily closed. 



5 (4, 0) supersymmetry 
5.1 The gauge multiplet 

The (4, 0) superspace has coordinates {x^ , 0+), where 6*+, p = 0, 1, 2, 3, 

are the odd coordinates. The (4,0)-supersymmetric Yang-Mills multiplet is 

described by a connection A in superspace with components (A^, 

y = 0,1,2,3. In addition it is required that these satisfy the supersymmetry 

constraints 



[Vp+,V,+] 


= 2i(5pgV=j, 






[Vp+,V=] 









where p, q^p'q' = 0, . . . ,3 and p ^ q'm the last condition. (We have suppressed 
gauge indices.) Jacobi identities imply that 

Vp+Wq^ + Vq+Wp- = 2i5pqF^^ (5.2) 

The components of the gauge multiplet are 

Xp-=M^p-| = Vo+iyo-l 

= Vo+W,-| (r = l,2,3) (5.3) 

The first four fields, (xp- : P = 0, 1, 2, 3), are the gaugini which are real chiral 
fermions in two dimensions, ^4== is the field strength and {/r :r — 1,2,3} are 
the auxiliary fields. 

5.2 The sigma model multiplet 

Let M be a hyper-Kahler manifold with torsion (HKT). This implies that M 
admits a hypercomplex structure {Jr : r = 1,2,3} the metric g on M is tri- 
hermitian and the hypercomplex structure is parallel with respect to a metric 
connection with torsion the three-form H, V^'^^ Jr = 0; (see |2^ for more 
details). In addition we assume that the gauge group G acts on M preserving 
the metric, three-form H and the hypercomplex structure. The latter condition 
implies that 

CaJr = , (5.4) 
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where the Lie derivative Ca is along vector field generated by the action of G 
on M. The sigma model fields are maps </> : S^'° M into the HKT manifold 
M which in addition satisfy 

V,+0' = J/,Vo+0^' , (5.5) 

where Vp+0 = Dp^cjf + A^j^Q^ and r = 1,2,3. We remark that the algebra 
of (4,0) supersymmetry transformations closes as a consequence of the HKT 
condition we imposed on M . 

The components of the sigma model multiplet (j) are as follows, 

0^ = 01 AV=Vo+0r (5.6) 



5.3 The fermionic multiplet 

Let i5 be a vector bundle over M equipped with a connection B and a fibre 
(almost) hypercomplex structure {/^ : r — 1,2,3}. The fermionic multiplet ip^ 
is a section of (f)*E ® S- over the where is a spin bundle over S"*'". In 
addition the fermionic multiplet satisfies 

V.+V^ = //sVo+V^ + \'niL^ (5.7) 
where {Lr : r — 1,2,3} are sections of E and 

Vp+V-^ = -Dp+V-^ + Vp+0*B,^B^^ + Al^Ua^B , (5.8) 

P = 0,l,2,3. 

Compatibility of the condition (5.7) with gauge transformations requires 
that 

Cal^B = Ua^clr B ^ I^cUa" B 

r tA _jj A tB (5-9) 

i-a^r ~ B^r ■ 

These are the conditions for the gauge transformations and the (2,0)-supersymmetry 
transformations to commute. 

The conditions required for the closure of the (4,0) supersymmetry algebra 
are similar to those found for the ungaug ed (4,0) model in 0, [l5|. Here to 
simplify the analysis, we shall in addition assume that the fibre hypercomplex 
structure is parallel with respect to V, ie V/^ = 0. (See Q for a discussion on 
the conditions required for the existence of such a connection V on the vector 
bundle E.) The more general case can be easily derived but we shall not use 
these results later. In this special case, we find that 

GA J k J I I A J k J I (-),? A 

kl B'Jr i'Js j + <-rfei B'Js i'Jr j — '^Oj-s^ij B /c 1n^ 

J A J A A B A B t^O.-LUj 

Jr i'^jL^ + Js i'S/jL^ — Ir B^iLg — Ig B^iLj. — . 

The first condition implies that the curvature G of the vector bundle E is an 
(l,l)-form with respect to all three complex structures J,-. Observe that the 
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diagonal relation r = s implies all the rest. The diagonal part of the second 
condition implies that each section Lr is a holomorphic section with respect to 
the pair (J,., Ir). 

The components of the fermionic multiplet are as follows: 

= e^^Vo+^^\, (5.11) 

where 4'- is a two-dimensional real chiral fermion and i is an auxiliary field. 



5.4 Action 

The action of the (4,0)-supersymmetric gauged sigma model can be written as 

S = Sg + S„ + Sf , (5.12) 

where Sg is the action of the gauge multiplet, So- is the action of the sigma-model 
multiplet and Sf is the action of the fermionic multiplet. We shall describe each 
term separately. 



5.5 The gauge multiplet action 

The most general action for the (4,0)-supersymmetric gauge multiplet up to 
terms quadratic in the field strength is 

(5.13) 

where {u^ : p = 0,1,2,3} and {z^ : p = 0,1,2,3} are the gauge coupling 
constants which in general depend on the superfield (j) and u'' are not necessarily 
symmetric in the gauge indices. The above action can be written in different 
ways. However there are always field and coupling constant redefinitions which 
bring the action to the above form. 

Observe that this action is not an integral over the full S"*'" superspace. 
Therefore it is not manifestly (4,0)-supersymmetry. Define Jq = S'^y The 
requirement of invariance the action ( |5.13| ) under (4,0) supersymmetry imposes 
the conditions 

Jp^td]Uq = ^€pqP''^' Jp'hdjUq, {p ^ q) ^^^^^ 

and {u^ : r = 1,2,3} are symmetric in the gauge indices. In addition, we have 

1 , , , (5.15) 
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The conditions (5.14) and ( 5.15| ) imply that in fact {uP : p = 0, . . . , 3} and {z^ 



^1 = 0, . . . , 3} are constant, i.e. independent from the sigma model superfield 
The above conditions are most easily derived by verifying that the Lagrangian 
density is independent of 0+ up to surface terms in , x"" and 9q . In addition 
gauge invariance requires that the coupling constants and satisfy the 
condition 

rabzP = . ^ ' ' 

In particular should be proportional to an invariant quadratic form on the 
Lie algebra of the gauge group G. If G semi-simple, the condition on z^ implies 
that zP = 0. If G is abelian, then the above conditions are satisfied for any 
constants and z^. 

5.6 The sigma model multiple! action 

This part of the action has already been described in Here we shall sum- 
marise some of results relevant to this paper. The action of this multiplet is 



(5.17) 



3 

d'xde+ (g„ Vo+<^'V=0J + J2 ^raW^-) 

■' r=l 

-I Jd^xdtd9+ {H,,kdt(l>'^o+(l>'^=c^'' -w^adtX^'W^S) , 
where Va is a function on M, possibly locally defined, given by 

I/Ma] + Waj) = -d^Vra ■ (5.18) 

It has been shown in ||l^ that under certain conditions v \s a, moment map of 
HKT geometry. 

The gauge transformations of the superfield 4> are 

5c^^ = X^^^icj,) (5.19) 

Gauge invariance of the above action requires that w should satisfy the condi- 



tions mentioned in section 2.2, the moment maps should be globally defined on 



the sigma model target space M and 

Ca^ra = -fab^^rc ■ (5.20) 

5.7 The action of the fermionic multiplet 

This part of the action is 

Sf = [d^xd9+ (/iabV'-Vo-hV'- + msAi^-) (5.21) 
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Gauge invariance of this part of the action requires the same conditions as 



those appearing for the couphngs of (l,0)-multiplet in (2.19). 

The conditions required by (4,0)-supersynimetry on the couphngs of the 
above action are the same as those of the ungauged model and have been given 
in . These can be easily derived by requiring that the Lagrangian density is 
independent from 9^ up to x^, x^, 9'^ surface terms. In particular, we find that 



hcBlr'^ A + hcAlr^ B — 



Jr^iVjhAB + ^ihAcIr B = 
JrhVjSA - V^SbIt^A - \y^hABL^ = 

saL^ = const . 



(5.22) 



To derive the above conditions we have used that V/^ = as we have assumed 
in the construction of the fermionic multiplet. The first condition implies that 
the fibre metric is tri-hermitian. These conditions can be further simplified if 
the connection B is chosen such that V/i = 0. In such case, the third equation 
in (5.22) implies that s is the real part of three holomorphic sections of £* 
each with respect to the three doublets {Jr,Ir) of complex structures, ie s is 
triholomorphic. 



5.8 The action in components and scalar potential 

The part o f the action of the theory involving the kinetic term of the gauge 
multiplets (5.13) can be easily expanded in components as follows: 



(5.23) 



r 

+ 2^ul,X[o-^^Xi]- + 2mi,X[2-V^X3]- 

To derive this we have used that {u^ : 0, . . . , 3} are constant and {u^ : 1, 2, 3} 
symmetric in the gauge indices. 

The part of the action that contains the kinetic term and the Wess-Zumino 
term of the sigma model fields in components is as follows, 



S„= A'x{g,,^^4>'V^^ 



r 

+ mKXo-L' + iWia\\XQ- 



(5.24) 
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The part of the action that contains the kinetic term the fermionic multiplet in 
components is as follows: 

J ^ (5.25) 

After eliminating the auxiliary fields of both the gauge multiplet and the 
fermionic multiplet, we find that the action of (4,0)-supersymmetric gauge the- 
ories coupled to sigma models is 



5, + 5/ = |d2a;(uO,F|^F|^-i/iABV-V+V'- 



+ 2m;^bX[o- V^xJ]- + 2zui,X[2-V^X3]- 
+ 2mLx[o- V^X2]- + 2^uLxfl_V^X3]- 
+ 2tw^bXfo- V^X3]- + 2iuihXfi-V^X2]^ (5.26) 

- \^hAB^-^-\\\\Gi^AB + m^^SA\\i>^ 

- \ut^{^ra - zl){Vri - zl) - ^m^h^^'sASB 

r 

+^°^^+=+E^*^aAVx;?-) 



It is straightforward to write the action 5 of the (2,0)-supersymmetric gauge 
sigma model in components. In particular we find the following: 

- ^m'^h'^'^SASB - " zl){vrb - zl) 

r 

- ^hAB^-tp-KKGijAB + mVjSAA^V- 

+ z9,z°a;xS- 



(5.27) 
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5.9 Scalar Potential and Classical Vacua 



The scalar potential of the (4,0)-supersymmetric gauged sigma models is 

1 ^ 1 

V = ufl^rafrb + -mh'^^SASB , (5.28) 

r=l 

where we have absorbed the constants into the definition of the moment maps 
Vra- The scalar potential in these models is written as a sum of a 'D' and an 
'F' term. The classical supersymmetric vacua of the theory are those for which 

Vra =0 = . (5.29) 

The inequivalent classical vacua are the space of orbits of the gauge group on 
the zero set of the section s and the HKT moment maps Vr- If the section s 
vanishes, then the space of inequivalent vacua is the theory is the HKT reduction 
Mj jG of the sigma model target space M. It has been shown in jl^ that under 
certain assumptions the space of vacua inherits the HKT structure of the sigma 
model manifold M and it is a smooth space. However the three-form of the 
Wess-Zumino term on Mj jG is not necessarily closed. 



6 (1,1) super symmetry 
6.1 The gauge multiplet 

The (1, 1) superspace S^'-^ has coordinates (x"'", x", 0+, 6'"), where are Grass- 
man valued odd coordinates. The (l,l)-supersymmetric Yang-Mills multiplet is 
described by a connection A in superspace with components (A^, ^-|_, A-). 
In addition it is required that these satisfy the supersymmetry constraints Q 

[V+, V+] = 2iV=^ [V_,V_]=2iV= (6.1) 

(We have suppressed the gauge indices.) The Jacobi identities imply that 

[V+, V=] = iV^VF [V_, V4=] = iV+iy 

= V+V-VF (6.2) 

It is worth mentioning that the (l,l)-supersymmetric gauge multiplet can be 
constructed from a scalar superfield. This allows for the possibility of non- 
polynomial couplings between the sigma model multiplet and the gauge multi- 
plet. The components of the gauge multiplet are 

X+ = ^+W\ x^=V_W^| (6.3) 

The field, W, is a scalar, x+iX- are gaugini which are real chiral fermions in 
two dimensions, and i^=|== is the (gauge) field strength. 
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6.2 The sigma model multiplet 

Let M be a Riemannian manifold with metric g and locally defined two-form h. 
We take the gauge group G to act on M with isometrics preserving the Wess- 
Zumino three- form H = db and generating the vector fields as in section 2.1. 
In addition wc assume that the one-form w satisfies the conditions of section 
I2, 

The sigma model (1,1) multiplet is a map from the (1,1) superspace 'E}'^ 
into the Riemannian manifold AI . The components of 4> are as follows, 

= r = v+v_0*| 

A; = V+0'| AL = V_0'|, (6.4) 

where V+cj)^ — D^cf)'^ + A"j_£_l and similarly for V_. Observe that the first two 
components of (1,1) superfield can be identified with the two components 
of a (1,0) superfield (j) while the latter two components can be identified with 
those of a (1, 0) fermionic superfield ip-. The vector bundle associated with this 
fermionic multiplet is the tangent bundle of M . 

6.3 Action 

The action of the (l,l)-supersymmctric gauged sigma model can be written as 
sum of three terms, 

S ~ Sg + Sa + Sp , (6.5) 

where Sg is the action of the gauge multiplet, Sa is the action of the sigma-model 
multiplet and Sp is a potential term. We shall describe each term separately. 

6.4 The gauge multiplet action 

An action of the (l,l)-supersymmetric gauge multiplet is most easily written in 
(1,1) superspace. In particular we have 

Sg = Jd'xde+de- {~UabV+W\7_W'' + ^VabWW'' + ZaW) , (6.6) 

where Uab — Uab{4'), u is not necessarily symmetric in the gauge indices, Vab = 
Vab{<l)) and the theta term Za ~ Za{4))- Of course this action is manifestly (1,1)- 
supersymmetric because it is an integral over full superspace. Gauge invariance 
imposes the additional conditions 

^a'^bc — / ab'^dc / ac^bd 

i^aVbc = - f^abVdc " f^ac^bd (6-7) 
J^aZb ~ ^f^abZd 

on the couplings u,v and z. 
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The action (6.6) can be easily expanded in components to find 

Sg = Jd^X ( + UabF^^F'^^ - Uab^+WV^W'' 

+ d.UabF^^XU- - d^UabX^xlF^^ 

+ id,UabX\xly=W'' + ld,UabX'_V^WaX- 

+ UabfcdXXx'LW - V^^,Uaby+\lxU- " d^Uab^xXX- 
+ VabXlX- + VabWFl^ 

+ d,Vab)^^WaX- - d.VabX'^xlW' 

+ ]^V,d,Vab>^+\lW''W'' + ]^d,VabtWW'' 
+ ZaF^^ + d,Za)^+X- - 5,ZaA'_X+ 



(6.9) 



6.5 The sigma model multiplet action and potential term 

A (l,l)-supersymnietric gauged sigma model action has been given in This 
action can be written as 

+ jd^xdtde+dO- {H,jkdt<j)'V+<j)'\7.(f>'' -w^adt(t)'W^) 
This can be rewritten without the t integration as 
= jd^xd9+de- {gijV+(t)'V^(j)^ + b,jD+(j}' D^cfP 

It is straightforward to add a potential term to the above actions as 

jd^xdO+de-h (6.11) 
where h = /i(^) is a function of the superfield (/). Gauge invariance of the above 



(6.10) 



action requires that w should satisfy the conditions stated in section 2.2 



6.6 A generalisation of the action 

The action of (l,l)-supersymmetric gauge theory presented above can be gen- 
eralized by allowing the various couplings of the theory to depend on the scalar 
component of the gauge multiplet superfield. Supersymmetry then requires 
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additional fermionic couplings. The new theory can be organised as a (1,1)- 
supersymmetric sigma model which has target space L = M x C{G), where 
£(G) is the Lie algebra of the gauge group G. The various allowed couplings 
are restricted by two-dimensional Lorentz invariance, supersymmetry and gauge 
invariance. The superfields of the (l,l)-supersymmetric gauge theory coupled 
to sigma model matter are maps Z — {(p, W) from the (1,1) superspace E^'^ into 
L, where 4> is the usual (1,1) sigma model superfield and W is the (1,1) gauge 
theory multiplet. We again allow the gauge group G to act on L with a group 
action on M and the adjoint action on C{G). The vector fields generated by 
such a group action are 

Ca = i^dA = ea^^ + T a^dc (6.12) 

where A= {i,a), the component ^* is allowed to depend on both <j> and W, and 
the partial derivative with the gauge index denotes differential with respect to 
W. 

Next we introduce a metric g and a Wess-Zumino term H on L and assume 
that the gauge group G acts on L with isometrics leaving the Wess-Zumino 
term H invariant. We also define w as i^^H = dwa, where is the new Killing 
vector field (|6.12| ). Then an action can be written for this new sigma model as 



S„ = Jd^xd9+d9- {gAB^+Z'^V-Z^ + h) 

+ Jd^xdtde+de- {HABcdtZ'^V+Z^V-Z^ -WBadtZ^Wl) 



(6.13) 



where /i is a function which depends on Z . This action is clearly supersymmetric 
because it is a full (1,1) superspace integral. Gauge invariance requires that w 



above satisfies all the conditions stated in section 2.2 but for the group action 



with associated vector fields (6.12) and a Wess-Zumino term in L. In addition, 
gauge invariance requires that 

Cah^Q (6.14) 



where the Lie derivative is with respect to the vector field (3.12) 



6.7 Scalar Potential 

To compute the scalar potential we express the action in components and elim- 
inate the auxiliary field of the sigma model superfield (f) from the action using 
the field equations. The scalar potential is 

v{w,4>)^\g''d,hdjh , (6.15) 

where g"^^ is the inverse of the restriction of the metric of L on M . Observe that 
V depends on both the sigma model scalar cf) and the gauge multiplet scalar 
W . The classical supersymmetric vacua of the theory are those values of (0, W) 
for which dih — 0. For example, for the special (l,l)-supersymmetric model 
investigated in the beginning of the section, V — jg^^ {dih + diZaW°'){djh + 
djZbW^), where in this case h = /i(0). 
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7 (2, 1) supersymmetry 



7.1 The gauge multiplet 

The (2, 1) superspace S^'^ has coordinates (x^, x^, 6*+, 0^), where {x^,x^) are 
the even and {6^ , 6^ , 9^) are odd coordinates. The (2,l)-supersyinmetric Yang- 
Mills multiplet is described by a connection A in superspace with components 
{A^,A^,Apj^,A_), p = 0, 1. In addition it is required that these satisfy the 
supersymmetry constraints 

[Vp+, V,+] = 2i5pqV^ V_] = 2zV= . (7.1) 

We have suppressed the gauge indices. We remark that Wp are scalar superfields. 
The Jacobi identities imply that 

[Vp+,V=] =zV_iyp [V_,V^] =zVo+V7o 

= Vo+V_Wo" Vi+l^i = Vo+Vl^o (7.2) 

Vi+Wo + Vo+VTi = . 

The two scalar superfields (Wq, Wi) can be viewed as a map W from the (2,1) 
superspace S^'^ into £G(8)K^, where CG is the Lie algebra of the group G. Next 
introduce a complex structure / = Id (g) e in CG ® where e is the constant 



complex structure in with e'^i = —1. The last two conditions in (7J) can be 
expressed as 

Vi+W°P = ePqVo+W"« . (7.3) 

In fact this implies that is a covariantly chiral superfield, (Vi+ + zVo+)(Wi + 
iWo) = 0. 

The components of the gauge superfields Wp are 

Wp = Wp\ = Vo+V_M/o| / = Vo+V_M/i| 

X0+ = Vo+VFol X1+ = Vo+M^il Xv- = V.l^pl , (7.4) 

where Wp are scalars, Xp+ Xp- are the gaugini which are real chiral fermions 
in two dimensions, is the field strength and / is a real auxiliary field. As 
in the (l,l)-supersymmetric gauge theory, the gauge multiplet is determined by 
scalar superfields. This will lead again to non-polynomial interactions between 
the gauge and sigma multiplets of the theory. 



7.2 The sigma model multiplet 

Let M be a KT manifold with metric g and complex structure J. We in addition 
assume that the gauge group G acts on M with isometrics which furthermore 
preserve the complex structure J and the Wess-Zumino term H . These con- 
ditions are the same as those in the case of (2,0)-supersymmetric theory. The 
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(2,1) sigma model superfield ^ is a map from the (2,1) superspace S^'^ into the 
sigma model manifold M. In addition it is required that 

= , (7.5) 

where = Dp^cj)^ + Ap+C^ and are the vector fields on M generated 

by the group action. As we have seen, the (2,1) gauge multiplet satisfies the 



condition (7.3) similar to (7.5). The superfield (f) is also covariantly chiral, as can 
be seen by choosing complex coordinates on the sigma model manifold M. These 
results will be used later for the construction of actions of (2,l)-supersymmetric 
gauge theories coupled to sigma models. 

The components of the sigma model multiplet 4> are as follows: 

a; =V_0'| , (7.6) 

where </) is a scalar, A^. and A_ are real fermions, and £ is an auxiliary field. 



7.3 Action 

An action of a (2,l)-supersymmetric gauge theory coupled to sigma model mat- 
ter can be written as 

S^Sg + S, + Sp , (7.7) 

where Sg is the action of the gauge multiplet, Sa is the action of the sigma- 
model multiplet and Sp contains the potential term. We shall describe each 
term separately. 



7.4 The gauge multiplet action 

An action for the (2,l)-supersymnietric gauge multiplet is 

Sg = Jd'xd0+de- ( - u",,SP'^Vo+w;v^w'^ 

where ^is}^ are the gauge coupling constants and are theta term type of 
couplings. All the couplings are allowed to depend on the superfield </). We shall 
assume that both ^v^ are symmetric in the gauge indices but this restriction 
can be lifted. 

Observe that the action (7.8) is not an integral over the full S^'^ super- 



space. Therefore it is not manifestly (2,l)-supersymmetric. The requirement of 
invariance of the action under (2,1) supersymmetry imposes the conditions 
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Therefore the couphngs u° + iu^ and + iz^ are holomorphic. 
In addition gauge invariance of the action (7.8) imphes that 

'-a^c — J abU-dc J ac^^bd ('7 1 n"! 

r P _ _fd p \ ■ > 

'-a'^lj — J abZ^ ■ 

7.5 The sigma model multiplet action and potential 

The action of the (2,l)-supersymnietric gauged sigma model with Wess-Zumino 
term has been given in |^ . Here we shall summarise some of results relevant to 
this paper. The action of this multiplet is 



+ Jd^xdtde+d0- {H,,kdtc^'Vo+cp'V-c^'' -w^adtc^'Wl) 
This action can be written without the t integration as 
S„ = jd^xde+dQ- (gyV+0*V_0^ +6,yi:'+0'i:>_0^ 



(7.11) 



(7.12) 



Gauge invariance of the above action requires that w should satisfy the 
conditions described in section 2.2. As in the case of (2,0)-supersymmetric 
gauged sigma model, it is also required that v is globally defined and CaVb = 
~fab'^^c- In fact 1/ is a moment map associated with the action of the gauge 
group on the KT manifold M . 

The part of the action involving the potential is 

Sp = jd^xde+dO-h , (7.13) 



where h — h((j)) Invariance under (2,1) supersymmetry requires that 

d.,h^j\dkh^ (7.14) 

where = h^{(l)). This implies that h is the real part of a holomorphic function 
on M. 

The scalar potential of (2,l)-supersymmetric gauge theories coupled to sigma 
models described above is 

V = \uf{iy^ + zDin + zl) + \g^'{d.,h + d,zlW;)(d,h + +d,zlW;) . (7.15) 
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7.6 A generalisation 



As we have shown both the (2,1) gauge multiplet and the (2,1) sigma model 
multiplet are constructed from covariantly chiral scalar superfields, ie both sat- 
isfy the conditions (7.5) and ( |7.3| ). Because of this, these two superfields can 
be combined to a single superfield Z = {WQ^Wi^cj)) which is a map from the 
(2, 1) superspace S^'^ into (£G® R^) x M . In addition we can take Z to satisfy 
a chirality condition which is the combination of (7.3) and ([7.5|). Next we can 
take the gauge group G to act on {CG ® M?) x M with the adjoint action in 
the first factor and a group action on M. The vector fields associated by such 
a group action are 



P 



d 



9Wf 



(7.16) 



Treating the (2,l)-supersymmetric gauge theory coupled to sigma model 
matter as a sigma model with superfield Z, which satisfies (7.3) and (7.5), we 
can write the action 



s„ = Jd^xde+de- {gABy^+z'^y-Z^ + vaW^ + h) 

+ jd^xdtde+dO- [HABcdtZ^Vo+Z^V-Z^ - WBadtZ^Wl) 



(7.17) 



where now all the couplings are defined using the geometry of {CG CE) R^) x M . 
Of course (2,l)-supersymmetric requires that [CG ® K^) x M is a KT manifold 
with respect to the complex structure (J, id ® e). In particular the metric and 
the rest of the couplings depend on the coordinates of {CG (g) R^) x M . The 
conditions for gauge invariance are easily determined from those of the (2,1)- 



supersymmetric gauged sigma model. We remark that the couplings of (7.17) 



can be arranged such that the 5*0(2) R-symmetry of the (2, l)-supersymmetry 
algebra is broken. In particular the 5*0(2) rotation that rotate the Wp scalar 
components is not a symmetry of the action. However if one insists in preserving 
the R-symmetry, then the KT manifold [CG ® R^) x M should admit a 50(2) 
action preserving all the geometric data. 



8 (4, 1) supersymmetry 
8.1 The gauge multiplet 

The (4,1) superspace S"''^ has coordinates (x+, x", 0~), where (a;^,x") 
are the even and = 0,... ,3} are the odd coordinates. The (4,1)- 

supersymmetric Yang-Mills multiplet is described by a connection A in S*'-"^ 
superspace with components (A^, A^, A^) with p = 0, . . . 3. In addition 
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it is required that these satisfy the supersymmetry constraints 



[Vp+, V,+] = 2i<5p,V^ [V_, V_] = 2zV= (8.1) 

(We have suppressed all the gauge indices.) The Jacobi identities imply that 

[Vp+,V=] =iV_VFp 

= Vo+V_W^o'' (8.2) 
Vp+Wq + Vq+Wp = (p^q) 
Vo+Wo = Vi+T4^i V2+W2 - V3+W3 

The (4,1) gauge multiplet is determined by four scalar superfields. Some 
of the conditions on these superfields given in (^.l|), like in the (2,1) model 
previously, can be expressed as conditions of a (4,1) sigma model multiplet. 
For this, view the four-scalar superfields {Wp : p — 0,1,2,3} as maps from 
the superspace S*'^ into CG (3 M'', where CG is the Lie algebra of the gauge 
group G. Then introduce three constant complex structures {Ir} in such 
that (Jr)°s = Srs an d {Ir)^t — —^rst where r,s,t — 1,2,3. The conditions on 
Wp in (P) and (|t]) can be expressed as 

Vr+W^ = /.%Vo+l^° . (8.3) 

The components of the gauge multiplet are 

Wp = l^pl F^^ = Vo+y-Wo\ 

Xp- - ^-Wp\ Xp+ = Vo+M^p| (8.4) 

/, = Vo+V_W,| r = l,2,3, 

where Wp are scalars, Xp+jXp- ^^re the gaugini which are real chiral fermions 
in two dimensions, ^4== is the field strength and {fr :r = 1,2,3} are auxiliary 
fields. The SO{A) R-symmetry of the (4,l)-supersymmetric gauge theory rotates 
both the scalars and the fermions of the gauge multiplet. 

8.2 The sigma model multiplet 

Let M be a HKT manifold with metric g and hypercomplex structure { J^; f = 
1,2,3}. We in addition assume that the gauge group G acts on M with 
isometries which in addition preserve the hypercomplex structure Jr and the 
Wess-Zumino term H . These conditions are the same as in the case of (4,0)- 
supersymmetric model. The (4,1) sigma model superfield is a map from the 
(4,1) superspace S*'^ into the sigma model manifold M . In addition it is re- 
quired that 

Vr+^' = , (8.5) 
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where Vp+(^* — Dp+(^'+Ap_|_^^ and ^ are the vector fields on M generated by the 
group action. As we have seen the (4,1) gauge multiplet satisfies the condition 



( p^ ) similar to (8.5). These results will be used later for the construction of 
actions of (4,l)-supersymmetric gauge theories coupled to sigma models. 
The components of the sigma model (4,1) multiplet (j) are as follows, 

A;-Vo+01 AL=V_0'|, (8.6) 

where ^ is a scalar, A+ and A_ are real fermions, and i is an auxiliary field. 

8.3 Action 

The action of a (4,l)-supersymmetric gauged theory coupled to sigma model 
matter can be written as 

S = Sg + S„ + Sp , (8.7) 

where Sg is the action of the gauge multiplet, is the action of the sigma-model 
multiplet and Sp is the potential. We shall describe each term separately. 

8.4 The gauge multiplet action 

An action for the (4,l)-supcrsymmetric gauge multiplet is 

Sg = J d^xde+ ( - u^^.sp-^Vo+w^v.w'g 

where {u''} = u''} and are the gauge coupling constants and theta type 
of terms, respectively, which in general depend on the superfield 0. We shall 
assume that both uP are symmetric in the gauge indices but this restriction can 
be lifted. 

Observe that this action is not an integral over the full S'''^ superspace. 
Therefore it is not manifestly (4,l)-supersymmetric. The requirement of in- 
variance under (4,1) supersymmctry imposes the condition that vP and are 
constant. This is similar to the condition that arises in (4 ,0) supersymmetric 



gauge theories. In addition, gauge invariance of the action (8.8) requires that 

fa,zl = . 

Thus uP must be invariant quadratic forms on the Lie algebra of the group G 
and must be invariant elements of the Lie algebra. Of course z^' = 0, if G is 
semi-simple. 
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8.5 The sigma model multiplet action and the potential 

An action for the (4,1) sigma model multiplet coupled to gauge fields has been 
given in [^. Here we shall summarise some of results relevant to this paper. 
The action of the (4,l)-supersymmetric gauged sigma model is 



r 

+ jd^xdtde+dQ- {H,jkdt<j)'\7+(f>^V^(l}'' ~w^adt<j)'W^) 



(8.10) 



The gauge transformations of 4> are = A°^^' (0). Gauge invariance of the 
above action requires that w should satisfy the conditions described in section 
2.2, As in the case of (4,0)-supersymmetric gauged sigma model, should 
satisfy CaV^ = ~] ab^^^c- I'^ fs-ct is a moment map associated with the action 
of the gauge group G on the HKT manifold M . 

The part of the action involving the potential is 

5p = [d^xde+d0-h , (8.11) 



where h = h{(j)). Invariance under (4,1) supersymmetry requires that 

d,h = Jr'^.Ah^ (8.12) 

where = hJ'{(j)). This implies that h is the real part of three holomorphic 
functions on M, ie h is tri-holomorphic. 

The scalar potential of (4,l)-supersymmetric gauge theories coupled to sigma 
models is 

1 ^ 1 

y = E « + -/'d.,hd,h , (8.13) 

r=l 

where we have shifted the moment maps by a constant z^. 



8.6 A generalisation 

As we have shown both the (4,1) gauge multiplet and the (4,1) sigma model 
multiplet are constructed from scalar superfields which satisfy the similar con- 
straints ( ^ ) and (^.5D, respectively. Because of this, these two superfields can 
be combined to a single superfield Z — (VF, (f) which is a map from the (4, 1) 
superspace S'*'^ into [CG ® R^*) x M . In addition we can take Z to satisfy a 
condition which is the combination of ( ^.5[ ) and ( |8.3| ). Next we can take the 
gauge group G to act on {CG ® R'*) x M with the adjoint action in the first 
factor and a group action on M. The vector fields associated by such a group 
action are 
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Treating the (4,l)-supersymmetric gauge theory coupled to sigma model 
matter as a sigma model with superfield which satisfies ( |8.3[ ) and (S.5), we 
can write the action 



(8.15) 

+ jd^xdtde+dO- {HABcdtZ^Vo+Z^\/-Z^ - wsadtZ^W":) 

where now all the couplings are defined using the geometry of (CG ® K"') x M. 
Of course (4,l)-supersymmetry requires that {CGQ!}W^) x Af is a HKT manifold 
with respect to the hypercomplex structure {Jr,Ir)- In particular the metric 
and the rest of the couplings depend on the coordinates of (CG^Mf^) x M. The 
conditions for gauge invariance are easily determined from those of the (4,1)- 
supersymmetric gauged sigma model. We remark that the couplings of ( ^.15 ) 
can be arranged such that the 5*0(4) R-symmetry of the (4, l)-supersymmetry 
algebra is broken. In particular the 50(4) rotation that rotates the Wp scalar 
components is not a symmetry of the action. However if one insists in preserving 
the R-symmetry, then the HKT manifold {CG'S'R'^) x M should admit a S'0(4) 
action preserving all the geometric data. 



9 A bound for vortices in the (2,0) model 

Vortices are the instantons of two-dimensional gauge theories coupled to sigma 
models. Bogomol'nyi type of bounds for both abelian ||2^ and non-abelian 
vortices ^ have been investigated in the context of linear sigma models. 
Here we shall establish bounds for vortices for non-linear sigma models. For 
this we shall consider the Euclidean action of the (2,0)-supersymmetric gauge 
sigma model without Wess-Zumino term. The sigma model target space M 
is Kahler with metric g, complex structure J and associated Kahler form f2j 

= gikJ^ j)- After a Wick rotation the two-dimensional spacetime is 
with the standard Euclidean metric. The relevant part of the bosonic Euclidean 
action of a (2,0)-supersymmetric gauge theory coupled to a sigma model is 

Se= I d^x (i5.j<^^''V^0'V,0J + luabFf^^FlJ^'^S'"' + ju-'i^a'^b) ■ (9.1) 

Next we introduce / a constant complex structure on such that is a 
Kahler manifold. The associated Kahler form flj is the volume form of R^. In 



such a case the Euclidean action (9.1) can be rewritten as 



Se = Jd^x [^uab{{ni • T ^i^m^i ■ F" T 



+ \g^,6^'''{I'^yp<|>' T V ^(j)'' J\){I%V „^ T V,/j^',)] (9.2) 
± / ((r!j),yV</>'AV<^^ +^af^") 

JR2 
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where fi/ • F = (VLi^F^^ 



U"-"Vb, Uab 



and 



= S^b [Uab 



U(ab))- We remark that the above expression for the Euclidean action has been 
constructed from ( |9.1[ ) by completing squares and collecting all the remaining 
terms which organise themselves in the last term of (9.2). 



The last term in (9.2), 



is a topological charge, where the form 



(9.3) 



(9.4) 



is the equivariant extension of the Kdhler form Qj of the signia model target 
space M. The form uij is closed. Viewing uj as form on M^, it is apparent. In 
fact wj is closed as a two-form on any manifold N for any map </> from N into 
the sigma model manifold M and for any choice of connection A. This can be 
easily seen and we shall not demonstrate it here. 

The Euclidean action of the (2,0)-supersymmetric two-dimensional gauge 
theory coupled to a sigma model is bounded by the absolute value of the topo- 
logical charge Q, 5_e > This is because it is always possible to choose the 
signs in the Bogomol'nyi bound above such that the topological term is positive. 
If the topological charge is positive, then the bound is attained whenever 







(9.5) 



In two-dimensions, the curvature F is a (l,l)-forni. Choosing complex coordi- 
nates {z, z) on with respect to the complex structure /, it is always possible 
to arrange using a (complex) gauge transformation that =Q. Choosing com- 
plex coordinates in the sigma model target space M as well, it is easy to see 
that the second BPS condition implies that the map is holomorphic from the 
spacetime into the sigma model manifold M . 

A special case of this bound arises for gauge theories couple to linear sigma 
models for which the sigma model manifold M — E^" with the Euclidean met- 
ric and equipped with a constant compatible complex structure J. This case 
includes the Nielsen-Olesen vortices (For these, existence of a solution was 
shown in and the moduli were studied in |30 , and more recently in |31|, 
see also |32[). The case with a single complex scalar has been analysed in |20|. 
Choosing complex coordinates {q"; a = 1, . . . , n} in R^", we write 



ds^ = dq"dg" 

a 

J = ^ dq" A dq" . 



(9.6) 
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Next consider the abelian group J7(l)-action q" — + e''2"*g" which generates the 
holomorphic KiUing vector fields 

a 

The moment map is 

i^ = -E(Q"9V)-A, (9.8) 

a 

where A is a (cosmological) constant. This is an example of a (2, 0)-supersynimetric 
gauged linear sigma model with gauge group U{1) of the type considered in 
The topological charge is 



Q - / d^z ( V a(V,(z"V,-g'^ - V.g^V.g") + ,^F,, 



(9.9) 



where V,<z" = a,<z" +^A,Q„q", V.g" = O^q'^ ~iA,Q^q^, V.-g" = (V.g")* and 
V^g" = (V^g")*, and F^j = a^A^ - To compare the bound above (U) 

with that of vortices in , we observe that after some integration by parts we 
have 

Q = / (fz{"^Qa{d^q°'dgq" - dsq°'d^q'^) - AF^g) + surfaces (9.10) 

The first term in the above expression is the topological charge expected for 
the vortices (instantons) of ungauged two-dimensional sigma models. The same 
topological charge also appears in the kink solitons of three-dimensional non- 
linear sigma models. The last part in the above expression involving the cosmo- 
logical constant and the Maxwell field is the usual d egre e of an abelian vortex. 
The relation between the topological charge Q in (|9.9|) and the degree of an 
abelian vortex involves integration by parts. Under certain boundary condi- 
tions the two topological charges are the same. However as we have shown, the 
bound that involves the equivariant extension of the Kahler form generalizes in 
the context of gauge theories coupled to non-linear sigma models. 



10 A bound for vortices in the (4,0) model 

A bound similar to the one we have described in the previous section for the 
Euclidean action of (2,0)-supersymmetric gauge theory coupled to sigma model 
matter can also be found for the Euclidean action of (4,0)-supersymmetric gauge 
theory. The Euclidean action of a (4,0)-supersymmetric gauge theory coupled 
to sigma model matter with vanishing Wess-Zumino term is 

3 

(10.1) 
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The sigma model target space is hyper-Kahler with metric g, hypercomplex 
structure {Jr : r = 1,2,3} and associated Kahler forms fij^. After the Wick 
rotation, the two-dimensional spacetime is with the standard EucUdean met- 
ric. Let / be a compatible constant complex structure such that is a Kahler 
manifold with associated Kahler form fi/. In such a case the Euclidean action 
can be written as 

3 
r—1 

1 ^ 

+ ^^^'^''ff»,K/^Vp0' T V^0V;fc)(a,/%V,0' T V,0Oi!,)] (10.2) 

r—1 
3 

where {a^ : r = 1,2,3} is a constant vector with length one, X]r=i('^'")^ ~ 

Uab = M°6 = Ufea' = W^^l^rc, W^^Ucb = S"" b and 

Luj^ = (f7jjy A V(/)^' + i^aF" (10.3) 

is the equivariant extension of the Kahler form 

The strictest bound is attained whenever the unit vector {a^ : r = 1, 2, 3} is 
parallel to the vector of the topological charges : r = 1, 2, 3}, where 

wj. (10.4) 

and the sign is chosen such that the topological term in the bo und is positive. If 
the inner product of {a^ : r = 1, 2, 3} and {Qr : r = 1,2,3} in ( |l0.2|) is positive, 
we have that 



Se> ^JQI + Ql + Ql ■ (10.5) 

This bound is attained whenever 



(10.6) 



Using a rotation in the space of three complex structures, we can ar range 
such that fli = 1 and 02 = 03 = 0. In such case, the last equation in ( |l0.6[ ) 
implies that 

V^^' = . (10.7) 

This in turn gives 

F^.C = (10.8) 
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Therefore either (j) takes values in the fixed point set Mf of the group action of 
G in M or the curvature F of the connection A vanishes. In the latter case, the 
first equation in (10.6) implies that 1/^ = and these are the vacua of the theory. 
If these are no non-trivial flat connections and Mf n z^j~^(0) fl J^^^(O) fl ^^^{0) 
is empty, then the space of solutions if the hyper-Kahler reduction M/ /G oi M 
and it is a hyper-Kahler manifold. On the other hand if (p take values in Mf, 
then the second equation in implies that <f) are constant. Substituting 



this in the first equation in ( 10.6 ) implies that cj) are in Mf n ^2 ^(0) H ^(0) 
In addition we have that 



This is the Hermitian-Einstein equation in two dimensions. 



(10.9) 



11 Kahler manifolds and non-abelian vortices 

The bounds that we have described in the previous sections can be easily gen- 
eralized as follows. Consider two Kahler manifolds [N, h, I) and (M, g, J) of 
dimensions 2k and 2n, and Kahler forms fi/ and Oj, respectively. Next allow 
M to admit a holomorphic G-action with associated killing vector fields ^ and 
moment map v. In our conventions i^^lj = —dv. Next consider the functional 

Se^ |^dvol(7V)(i|V0p + i|i^P + i|z.p) , (11.1) 

where |V|2 = .g^./i^^-'V^^^V.^^ V^0* = d^^'+A'^C, \F\^ = UabF^.F^^ht^Ph'^'' , 
\v\^ = u°'^VaVh and u is a fibre inner product on the gauge bundle which we can 

set Uah — &ab- 

The functional Se can be rewritten as follows: 

Se= I dvol(iV)[i|r!/-FT/^|' + |F2'O|2 + i|/V0T JV0p] 

•^'^ ^ ^ (11.2) 

where we have chosen the normalisation dYo\{N) = -^^j, flj ■ F ^ flj^Ff^i,, 
F^-^ is the (2,0) part of the curvature F and 

ujj^{nj),,Vdp' +iyaF'' (11.3) 

is the equivariant extension of the Kahler form S7j. (The inner products are 
taken with respect to the Riemannian metrics h and g.) The rest of the notation 
is self-explanatory. We remark that if Q,j represents the first Chern class of a 
line bundle, i.e. the Kahler manifold is Hodge, then luj can be thought of as the 
equivariant extension of the first Chern class (see [^). 

If Uab is a constant invariant quadratic form on the Lie algebra of the gauge 
group G, it is clear that the functional Se is bounded by a topological term 
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Q which involves the equivariant extension of the Kahler form and the second 
Chern character of the bundle P xq 'C(G), where P is a principal bundle of 
the gauge group G and G acts on £(G) with the adjoint representation. In 
particular we can write 



J N ^ 4 



2 

fc-2 



(11.4) 



where A is an appropriate normalisation factor involving the ratio between the 
fibre inner product on P XqC{G) and u; where G is simple. It is worth pointing 
out that the term involving the second Chern character is not affected by the 



choice of sign in writing (11.2). Therefore there are three cases to consider the 
following: (i) there is no choice of sign such that the topological charge Q is 
positive. In such a case the bound cannot be attained, (ii) There is a critical 
case in which for one choice of sign the topological charge is negative while for 
the other choice is zero. This case implies that the Euclidean action vanishes 
and so every term should vanish. Solutions exist for F = Vcj) = ly = 0. (iii) For 
one of the choice of signs the topological charge is positive. Suppose that Q is 



positive in (11.2) for the first choice of sign. In such case the bound is attained 



provided that the equations 

P2^" - 

ni-F''- i/" = (11.5) 

- r^y^.^ = o 

hold. The first equation implies that F is a (l,l)-form. The last equation in 



( 11.5 ) implies that the maps 4> are holomorphic. Finally the middle equations 
are a generalization of non-abelian vortex equations. If the term involving the 
moment map is constant, then the resulting equation is the Hcrmitian-Einstein 
equation. 



12 Hyper- Kahler manifolds and non-abelian vor- 
tices 

Let {N, h, I) be a Kahler manifold of dimension 2k with associated Kahler form 
flj and {M,g, J^) be a hyper-Kahler manifold of dimension with associated 
Kahler forms fij^. Next allow M to admit a tri-holomorphic G-action with 
associated killing vector fields ^ and moment maps Vr- In our conventions 
ilP.j^ — —dur- Next consider the functional 

Se^ /^dvol(iV)(i|V0|2 + i|Fp + i^|z.,f) , (12.1) 
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where jVp = ^y/i^^-'V^./)' V,(/.^ V^(/.^ = d^^cj)' + A'^S.l \F\'' = UabF^^F^^h'^Ph'''' , 
and w is a fibre inner product on the gauge bundle which we 

can set Uab = 5ab- 

The functional Se can be rewritten as follows: 

3 3 
Se^ [ dvoliN) [i J2 • ^ T i^rP + + 1°'-^^'^ T JrV0|2] 

r=l r=l 
3 



(12.2) 



where dvol(iV) = p-i^f, {or : r = 1,2,3} is a constant vector of length one, 
Er=i(«')^ = l,ni-F ^ n'^'^Ff,^, F^'O is the (2,0) part of the curvature F and 

wj. = (f^jj»j A V0^' + i/™^^'^ (12.3) 

is the equivariant extension of the Kahler form flj^. (The inner products are 
taken with respect to the Riemannian metrics h and g.) The rest of the notation 
is self-explanatory. 

It is clear that the functional Se is bounded by a topological charge Q 
which involves the equivariant extensions of the Kahler forms Vlj^ and, if «, is a 
constant invariant quadratic form on C{G), the second Chern character of the 
gauge bundle P xq C{G). It is worth pointing out that the term involving the 
second Chern character is not affected by the choice of sign in writing ( 12.2] ). 
Therefore as in the Kahler case, there are several cases to consider but we shall 
not repeat the analysis again. Suppose that both Q and that the inner product 
of the vector {a^ : r = 1,2,3} with {Q^ : r = 1,2,3} are positive in ( 12.2] ), 
where 



1 



Then the bound is attained provided that the equations 



Loj^ A 17^-1 . (12.4) 

N 



F^'° = 



arniF" ^v"^ ^0 (12.5) 
arI%V,q^' - J/jV^0J = 

hold. The first equation implies that F is a (l,l)-form. It is always possible 
with a rotation in the space of complex structures of the hyper-Kahler manifold 
M to set ai — 1 and a2 — — 0. Then last equation in ( 12. f: ) implies that 

V^0' = . (12.6) 

This in turn implies that 

= . (12.7) 
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Therefore either the connection A is flat or the maps (j) take values in the fixed 
set Mf of the G-group action on M. In the former case, in the absence of non- 
trivial flat connections, the moduli space of solutions to these equations is the 
hyper-Kahler reduction M/ /G oi G and it is a smooth manifold provided that 
the level set does not intersect Mf. In the latter case, the maps (j) are constant 
and the two remaining equations in (12.5) are the Hermitian-Einstein equations 
for the connection A. 

One can also consider the case where {N,h,Ir) is a hyper-Kahler manifold 
while (M, g, J) is a Kahler manifold which admits a G-holomorphic action of 
isometries. This case can be treated as that considered in the previous sec- 
tion involving only Kahler manifolds. A Kahler structure on N can chosen 
with respect to any complex structure which lies in the two-sphere of complex 
structures of N. 



13 Concluding Remarks 

We have constructed the actions of two-dimensional (p,0)- and (p,l)-supersymmet 
gauge theories coupled to sigma model matter with Wess-Zumino term. We have 
also given the scalar potentials of these theories. Our method of constructing 
these theories relies on a superfield method. Then we have shown that the Eu- 
clidean actions these theories admit vortex type of bounds which generalise to 
higher dimensions. 

The gauge theories that we have constructed are not the most general ones. 
It is known for example that the (l,l)-supersymmetric sigma model admits a 
scalar potential which is the length of a killing vector field Q . Our superfield 
method cannot describe such a term. There are also other possibilities, for ex- 
ample the sigma models with almost complex manifolds as a target space as 
well as those associated with (p, 0) fermionic multiplets for which the supersym- 
metry algebra closes on-shell . Other models of interest that we have not 

described here are those with {p, 2), p = 2, 4, and (4,4) supersymmetry. All the 
above models can be described using (1,0) superfields. This method has been 
used before, see [^2[ ^ [m). This means that the action of such models can 
be written in terms of (1,0) superfields and the additional supersymmetries can 
be implemented by requiring invariance of the action under additional suitable 
transformations. The (2,2) and (4,4) supersymmetric gauge theories have been 
described using other methods in [|j and 

The gauge theories coupled to sigma models which we have described with 
{p, 1) supersymmetry have soliton type of bounds in addition to the vortex type 
of bounds that we have described. For the former bounds the energy of these 
models can be written as a sum of squares and a topological term. This is 
very similar to bounds of (ungauged) sigma models Q and so we have not 
described them here. It would be of interest to investigate the solutions of the 
vortex equations we have presented for different types of moment maps. It may 
be that for a suitable choice, the vortex equations can be solved exactly. 
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